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1 Introduction
With the measurement of the reactor mixing angle θ13 [1–3], our knowledge of the lepton
mixing matrix U is almost complete.1 Only the CKM-type phase δ is still unknown.
Because s213 (sij ≡ sin θij and cij ≡ cos θij for i, j = 1, 2, 3) is definitely nonzero, strict tri-
bimaximal mixing (TBM) [7] is ruled out. However, it is still viable to relax TBM in such a
way that either the first column (u1) or the second column (u2) of U = (u1, u2, u3) coincides
with its form in TBM. Let TM1 and TM2, respectively, denote these two possibilities [8, 9].
In a suitable phase convention, one has
TM1 : u1 =
1√
6

 2−1
−1

 , (1.1a)
TM2 : u2 =
1√
3

 11
1

 . (1.1b)
On the other hand, many authors [10–22] have recently pursued an approach in which
U is either partially or completely determined by distinct symmetries in the charged-
lepton mass matrixMℓ and in the light-neutrino Majorana mass matrixMν . Those distinct
symmetries are conceived as remnants of the full flavour symmetry group of the Lagrangian.
1For global fits of U see ref. [4–6].
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In particular, in ref. [23] three candidates for a completely determined U have been found
in this way. In that approach, U can be written, in the weak basis in which the models are
formulated, as the product
U = UωV, (1.2)
where
Uω ≡ 1√
3

 1 1 11 ω ω2
1 ω2 ω

 (1.3)
(ω ≡ exp (2πi/3)) is a symmetric unitary matrix, which diagonalizes Mℓ in that weak
basis, while V is the unitary matrix that diagonalizes Mν . In this approach the matrix V
is constrained by either one or two well-defined Z2 symmetries, leading to the determination
of either one column or all the columns of U , respectively.
Unfortunately, it is not easy to implement the approach of the previous paragraph
in the context of well-defined, self-contained models. The same happens if one tries
to implement TM1 in such models.
2 One usually has recourse to supersymmetry, non-
renormalizable Lagrangians, and additional superfields (‘familons’ and ‘driving fields’),
or else to theories with extra dimensions; the resulting models tend to be complicated
and unaesthetic.
In this paper we present a framework which allows one to realize, in a technically
natural way, mixing matrices with either TM1, TM2, or virtually any of the viable mixing
matrices found in refs. [10–23]. Our framework relies on the double seesaw mechanism and
on a soft flavour symmetry breaking in the Majorana mass matrix of right-handed neutrino
singlets; it involves neither of the technical complications mentioned in the previous para-
graph. On the other hand, our framework rests on two assumptions about the vacuum,
which is characterized by two vastly different scales: the vacuum must preserve a symmetry
of the Lagrangian at the high scale and break another symmetry of the Lagrangian at the
low scale. Actually, it should be possible to implement these two assumptions by choosing
suitable ranges for the parameters in the scalar potential. Unfortunately, we have been
unable to prove this in all generality and beyond doubt.
Let us first discuss the double seesaw mechanism [29–33]. It is based on the existence of
right-handed neutrinos (gauge singlets) beyond the three usual ones found in the standard
seesaw mechanism [34–38].3 Specifically, the models presented in this paper have six right-
handed neutrinos; let νjR and NjR (j = 1, 2, 3) denote them. The effective mass Lagrangian
of the neutrinos has the usual form
Lνmass = −
(
ν¯R, N¯R
)
MDνL − 1
2
(
ν¯R, N¯R
)
MR C
(
ν¯TR
N¯TR
)
+H.c. (1.4)
In eq. (1.4), νL denotes the column vector of the standard three left-handed neutrinos
belonging to doublets of weak isospin. The matrix MD is 6 × 3 while MR is 6 × 6 and
symmetric. They act in family space; the charge-conjugation matrix C acts in Dirac space.
2For such implementations see for instance refs. [24–28].
3Additional right-handed neutrinos were also used in our previous models of ref. [39, 40], but in those
models we did not use the double seesaw mechanism.
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The νjR and NjR are distinguished by two features: firstly, the νjR have Yukawa
couplings to the leptonic weak-isospin doublets but the NjR do not; secondly, there are no
Majorana mass terms among the νjR. (Evidently, both these features are in each specific
model enforced by well-defined symmetries of the model.) Thus,
MD =
(
Y
0
)
, (1.5a)
MR =
(
0 X
XT M
)
, (1.5b)
where X, Y , M , and the null matrix are all 3×3 matrices (M is furthermore symmetric).4
We assume that the mass scale mX inherent in X is much larger than the mass scale mY
of Y .5 Then the standard seesaw formula
Mν = −MTDM−1R MD (1.6)
applies. Since
M−1R =
(
−XT−1MX−1 XT−1
X−1 0
)
, (1.7)
one has
Mν = Y
TXT
−1
MX−1Y. (1.8)
One furthermore assumes that the mass scale msoft of M is much smaller than the Fermi
scale; hence a double suppression of the neutrino masses — bymY /mX and bymsoft/mFermi
— that has been dubbed ‘double seesaw mechanism’. The smallness of msoft is usually
explained in a technically natural way by the additional (fundamental or accidental) lepton-
number symmetry that exists when M = 0. Indeed, in that limit the νL and νR have
conserved lepton number +1 and the NR have lepton number −1.
Some specific features of the framework in this paper are the following:
• X and Y are both (in an appropriate weak basis) diagonal. Therefore, lepton mix-
ing is induced solely (in that weak basis) by the charged-lepton mass matrix Mℓ
and by M .
• While X, Y , and Mℓ arise from spontaneous symmetry breaking, via Yukawa cou-
plings to scalar fields and via the vacuum expectation values (VEVs) of those fields,
M is simply the matrix of the bare Majorana masses of the NR. We break one of
the flavour symmetries softly at the scale msoft through the mass terms of the NR, a
process which gives us enough freedom to enforce desired features in the lepton mix-
ing matrix. The scale msoft is naturally small because in the limit M = 0 a flavour
symmetry is restored.
4The presence of both X and M in eq. (1.5b) does not imply that the νR and the NR transform in the
same way under the symmetries of the model. Indeed, either one or both those matrices — and possibly also
Y in eq. (1.5a) — result from the spontaneous breaking of flavour symmetries of the model. A double-seesaw
model must therefore comprehend many scalars.
5The matrix X is moreover assumed to be non-singular.
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• There must also be dimension-two terms which break softly the flavour symmetry in
the scalar potential. Those terms are also assumed to be at a low scale of order msoft.
This renders vacuum alignment at the high (seesaw) scale mX natural, apart from
small corrections suppressed by msoft/mX . That vacuum alignment corresponds to
the non-breaking by the vacuum of one of the flavour symmetries.
This paper is organized as follows. In section 2 we introduce a model for TM1 and
discuss its salient features. Then, by slight variations of the symmetries of the model and
of the soft breaking, we show in section 3 how to realize other mixing schemes like the ones
in refs. [10–23]. Our conclusions are presented in section 4. The precise determination of
the flavour symmetry group of the TM1 model of section 2 is relegated to appendix A; a
discussion of some aspects of the scalar potential of that model is undertaken in appen-
dices B and C.
2 A model for TM1
In this section we present a model for TM1. The leptonic multiplets of the model, and
also of all other models in this paper, are the usual Standard-Model doublets DjL and
charged-lepton singlets ℓjR, together with the six right-handed neutrinos νjR and NjR.
The scalar sector comprises four Higgs doublets, φ0 and φj , and three complex singlets Sj .
In a concise notation, for each type of field we subsume the three fields in column vectors:
DL =

D1LD2L
D3L

 , ℓR =

 ℓ1Rℓ2R
ℓ3R

 , νR =

 ν1Rν2R
ν3R

 , NR =

N1RN2R
N3R

 , (2.1a)
φ =

 φ1φ2
φ3

 , S =

S1S2
S3

 . (2.1b)
For presenting the flavour symmetries of the model it is expedient to define the unitary
matrices
E =

 0 1 00 0 1
1 0 0

 , A =

 1 0 00 ω 0
0 0 ω2

 , (2.2a)
B =

 1 0 00 0 1
0 1 0

 , D =

 1 0 00 0 −1
0 −1 0

 . (2.2b)
With these matrices, the symmetries of the TM1 model, acting on the flavour triplets in
eqs. (2.1) and on φ0, are formulated in table 1.
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DL ℓR νR NR S φ φ0
Z3 E E E E E 1 1
Z
′
3 A A A A
∗
1 A 1
Z2 B B B D D B 1
Z4 1 1 i 1 i 1 i
Table 1. Transformation properties of the multiplets under the symmetries of the TM1 model.
Clearly, the symmetry group of the model is G = G′ × Z4, where G′ is the group
generated by Z3, Z
′
3, and Z2.
6 The Higgs doublet φ0 is invariant under G
′ and can, indeed,
act in our model like the Standard-Model Higgs doublet which gives mass to the quarks.7
The symmetries in table 1 lead to the Yukawa Lagrangian
LY = −y0
(
φ00, −φ+0
) 3∑
j=1
ν¯jRDjL (2.3a)
−y1

 3∑
j=1
D¯jLℓjR

φ1 (2.3b)
−y2
[(
D¯1Lℓ3R + D¯2Lℓ1R + D¯3Lℓ2R
)
φ2 +
(
D¯1Lℓ2R + D¯2Lℓ3R + D¯3Lℓ1R
)
φ3
]
(2.3c)
−y3
3∑
j=1
SjN¯jRCν¯
T
jR +H.c. (2.3d)
The symmetry Z4 is needed in order for the νjR to have Yukawa couplings to φ0 but not to
the φj . That symmetry moreover impedes bare Majorana mass terms of the form ν¯jRCν¯
T
kR.
The symmetry Z2 forbids extra terms
S2N¯1RCν¯
T
1R + S3N¯2RCν¯
T
2R + S1N¯3RCν¯
T
3R, (2.4a)
S3N¯1RCν¯
T
1R + S1N¯2RCν¯
T
2R + S2N¯3RCν¯
T
3R (2.4b)
in LY.
The mass terms of the charged leptons
Lℓmass = −ℓ¯LMℓℓR +H.c. (2.5)
arise when the neutral components φ0j of the Higgs doublets φj acquire VEVs vj ≡〈
0
∣∣∣φ0j ∣∣∣ 0〉. One obtains the charged-lepton mass matrix
Mℓ = y1v11+ y2
(
v2E
2 + v3E
)
. (2.6)
For the diagonalization of Mℓ we use the matrix Uω of eq. (1.3). Since UωEU
†
ω = A∗,
UωMℓU
†
ω = diag (xe, xµ, xτ ) (2.7)
6In appendix A we prove that G′ is ∆(216).
7The doublet φ1 is also invariant under G
′ and constitutes another candidate for the Standard-Model
Higgs doublet.
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with
xe = y1v1 + y2 (v2 + v3) , (2.8a)
xµ = y1v1 + y2
(
ωv2 + ω
2v3
)
, (2.8b)
xτ = y1v1 + y2
(
ω2v2 + ωv3
)
. (2.8c)
Clearly, v2 6= v3 is required in order to have three different charged-lepton massesmα = |xα|
(α = e, µ, τ). That needs not pose a problem, since the scalar potential is sufficiently rich
to enable v2 6= v3 at its minimum, as is demonstrated in appendix B.
Recalling the definition of the matrices X and Y in eqs. (1.5), we find from the Yukawa
Lagrangian the exceedingly simple forms
Y = y0v01, (2.9a)
X = y3 diag (s1, s2, s3) , (2.9b)
where v0 ≡
〈
0
∣∣φ00∣∣ 0〉 and sj ≡ 〈0 |Sj | 0〉. In principle, in a full model φ0 will be the Higgs
doublet giving mass to the quarks. Therefore, v0 will be of order the Fermi scale mFermi ∼
100GeV. Thus, mY ∼ mFermi or smaller, closer to the masses of the charged leptons.
We may introduce bare neutrino Majorana mass terms for the NjR only:
LM = −1
2
N¯RMCN¯
T
R +H.c. (2.10)
These bare Majorana mass terms have dimension three and we allow them to softly break
Z3 and Z
′
3 while preserving Z2.
8 (Note that the NjR transform trivially under Z4, hence
that symmetry cannot constrain the mass matrix M , but it does forbid bare Majorana
mass terms of the νjR.) Therefore,
M =

 a+ 2b f −ff a− b d
−f d a− b

 , (2.11)
with free mass parameters a, b, d, and f .9
As stressed in the introduction, we assume the soft breaking of the symmetries in
both LM and the scalar potential to be small (relative to the Fermi scale). The VEVs sj
define the seesaw scale mX of X, which is — just as in the standard seesaw mechanism —
assumed to be much higher the mFermi. Thus, sj ≫ msoft and it is legitimate to assume
that the sj are only very slightly perturbed by the breaking of Z3 at the scale msoft. We
may then assume s1 = s2 = s3 ≡ s, i.e. that the symmetry Z3 remains unbroken at the
seesaw scale.10 Then, our seesaw formula (1.8) yields
Mν =
y20
y23
v20
s2
M. (2.12)
8Softly breaking the symmetries Z3 and Z
′
3 while leaving the symmetry Z2 intact is an ad hoc assumption;
we make it solely because it leads to a viable and interesting model.
9We use the same notation for the mass parameters as in ref. [28].
10In appendix C we discuss the scalar potential of the Sj .
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Therefore, the unitary matrix V which diagonalizes M ,
V TMV = Mˆ with Mˆ diagonal, (2.13)
also diagonalizes Mν . Consequently, the lepton mixing matrix U is given by the product
in eq. (1.2).
Now,
u =
1√
2

 01
1

 (2.14)
is an eigenvector of M with eigenvalue a − b + d. Therefore, u is a column vector of V .
Since [28, 41]
Uωu = u1, (2.15)
we conclude that u1 is a column vector of U . This is precisely what one needs for TM1.
3 Generalization
3.1 Variations on the flavour symmetry
In the TM1 model an essential ingredient is the Z2 symmetry, which forbids the Yukawa
couplings in eqs. (2.4) and shapes the mass matrix M in such a way that one can achieve
the desired form of U . We may change the symmetry Z2 and thus change the shape of M ,
but we have to ensure that the new symmetry Z2 still forbids the terms in eqs. (2.4). We
firstly consider two types of symmetries under which the Yukawa Lagrangian of eq. (2.3)
is invariant. The first type of symmetries is
type (a): Sj → eiαjSj , NjR → eiαjNjR, (3.1)
where the phases αj are arbitrary and all the other fields transform trivially. The second
type of symmetries is
type (b):


S1 → eiα1S1, S2 → eiα3S3, S3 → eiα2S2,
N1R → eiα1N1R, N2R → eiα3N3R, N3R → eiα2N2R,
ν2R ↔ ν3R,
D2L ↔ D3L,
ℓ2R ↔ ℓ3R,
φ2 ↔ φ3,
(3.2)
where once again the phases αj are arbitrary. Secondly, we require that these transfor-
mations eliminate the terms of eqs. (2.4); this happens provided the phases αj are not
all equal. Finally, we require that the above symmetries are of the Z2 type, so that they
may constitute an invariance of M ; this happens if the phases αj are either 0 or π for
symmetries of type (a), and if exp (iα1) = ±1, exp [i (α2 + α3)] = 1 for symmetries of type
(b). For instance, the Z2 symmetry of the TM1 model is
type (b) with eiα1 = +1, eiα2 = eiα3 = −1. (3.3)
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An alternative Z2 symmetry that we might impose would be
type (a) with eiα1 = +1, eiα2 = eiα3 = −1. (3.4)
This renders the matrix M block-diagonal, with the Cartesian basis vector e1 being one of
its eigenvectors. Then, e1 is a column in V and, according to eq. (1.2), trimaximal mixing,
i.e. TM2, ensues. We have thus constructed a model for TM2.
Clearly, one can also envisage the imposition of two Z2 symmetries instead of only one.
For instance, imposing both the symmetries of eqs. (3.3) and (3.4) leads to simultaneous
TM1 and TM2. We thus have a model for TBM, which however is now phenomenologically
ruled out.
3.2 Predicting the reactor mixing angle
We consider in this subsection the following generalization of eq. (3.3):
type (b) with eiα1 = +1, eiα2 = e−iα3 = eiα 6= ±1. (3.5)
With this choice one obtains
M =

 M11 M12 M12e
iα
M12 M22 M23
M12e
iα M23 M22e
2iα

 . (3.6)
It is easy to find a column vector u of the matrix V which diagonalizes M . According to
eq. (2.13), such a vector must have the property Mu ∝ u∗. So it is given in the case of the
M of eq. (3.6) by
u =
1√
2

 01
−e−iα

 , (3.7)
since Mu =
(
M22 −M23e−iα
)
u∗. Therefore,
Uωu =
1√
6

 1− e
−iα
ω − ω2e−iα
ω2 − ωe−iα

 (3.8)
will be one of the columns of the mixing matrix U . This is a generalization of the TM1
model of the previous section. In this generalization, α is some well-defined phase.
Which column of U is Uωu? This depends on the value of α. If e
iα were 1,11 then
Uωu would have a zero element; this indicates that, in the closest approximation to the
phenomenological lepton mixing matrix, Uωu should be the third column of U , yielding
s213 = 0 and s
2
23 = 1/2. This is of course now ruled out, because we know that s13 6= 0. For
eiα = −1 one should choose Uωu to be the first column of U , reproducing TM1 as we have
seen in the previous section of this paper.
11This choice does not eliminate the terms of eqs. (2.4), so in this case one would have to impose some
further symmetry in order to get rid of those terms.
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0 0.2 0.4 0.6 0.8 1
α /(2pi)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
k=2
k=1
k=0
Figure 1. The functions fk(α) of eq. (3.9). The dashed horizontal line indicates s
2
13
= 0.0246, the
best-fit value of Forero et al. [4–6].
Let us in the following assume that Uωu is the third column of U . Still, we can
permute the order of the charged-lepton masses in eq. (2.8). This means that s213 could be
the squared modulus of any of the elements of Uωu in eq. (3.8):
s213 =
1
6
∣∣∣1− ωke−iα∣∣∣2 ≡ fk(α), (3.9)
with k being either 0, 1, or 2. The squared moduli of the other two elements of Uωu must
then be identified with c213s
2
23 and c
2
13c
2
23. We have plotted the functions fk in figure 1. In
that figure we also displayed a dashed horizontal line which indicates a phenomenologically
realistic value of s213. That horizontal line intersects each curve fk for two distinct values of
α. As an example, the vertical line in the figure shows the intersection point α = 0.2718 (2π)
of f1; in this example we have s
2
13 = f1(α), and then c
2
13s
2
23 would be either f0(α) or f2(α).
We can read off two facts from figure 1. Firstly, for every value of s213 there are two
possible values of s223. Secondly, all the intersection points lead to an identical relation
between s213 and s
2
23, i.e. the two values of s
2
23 are always the same no matter which k-curve
one has chosen. Therefore, for simplicity we can take k = 0 in eq. (3.9). Analytically, one
then finds the relation (
1− s213
)2 (
2s223 − 1
)2
= 2s213 − 3s413. (3.10)
Solving this equation for s223 yields the two solutions
s223 =
1
2
(
1±
√
2s213 − 3s413
c213
)
. (3.11)
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sin2θ23
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0.06
0.08
0.10
sin
2 θ
13
Figure 2. The relation between s2
13
and s2
23
, a graphical rendering of eq. (3.11).
α /(2π) s213 s
2
23
2/5, 3/5 0.028818 0.379101 or 0.620899
1/16, 15/16 0.025373 0.386653 or 0.613347
1/18, 5/18, 7/18, 11/18, 13/18, 17/18 0.020102 0.399242 or 0.600758
Table 2. Some rational values of α /(2π) for which s2
13
, computed by using eq. (3.9), turns out to
agree with the phenomenological data. The two corresponding values of s2
23
follow from each value
of s2
13
according to eq. (3.11).
This is plotted in figure 2. For definiteness in that figure we have allowed s213 to vary
between zero and 0.1; in this limited range, the curve is almost a parabola [23].
Of course, in any definite model within our framework we must choose a well-defined
value for α, and thereby choose one point in the pseudo-parabola of figure 2. We may,
in particular, require that α is such that the model has a finite flavour symmetry group;
a necessary condition for this is that eiα should be a root of unity. In this case α/(2π)
must be a rational number which approximates well one of the intersection points for the
phenomenological value of s213. In particular, the values of α in table 2 reproduce the
phenomenological data quite well, as was first found in ref. [23].
Furthermore, one may additionally require trimaximal mixing by using the additional,
and independent, symmetry of eq. (3.4). Then the solar mixing angle is obtained from
s212 = 1
/(
3c213
)
. The requirement of TM2 determines the CP -violating phase δ as [42]
cos δ =
(
1− 2s213
) (
1− 2s223
)
2s13s23c23
√
2− 3s213
. (3.12)
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However, taking into account eq. (3.11), we simply find
cos δ = ∓1, (3.13)
where the upper (lower) sign corresponds to the upper (lower) sign in eq. (3.11). Thus, the
Z2 symmetry (3.5) together with TM2 leads to δ = 0 or π, as was noticed for the viable
cases of U studied in ref. [23].
Since in the case discussed here we have determined two columns of U , the whole
mixing matrix U becomes, apart from possible permutations of the rows, determined as a
function of α:
U =
1√
6


1 + eiα
√
2 1− e−iα
ω2 + ωeiα
√
2 ω − ω2e−iα
ω + ω2eiα
√
2 ω2 − ωe−iα

 . (3.14)
One may use this mixing matrix to check again that the CP -violating phase δ turns out
to be trivial. However, the Majorana phases are non-trivial functions of α, as can be read
off from the following forms of the k-th entries in the first and third column:
Uk1 =
√
2
3
cos
(
α
2
− 2πk
6
)
eiα/2(−1)k, Uk3 =
√
2
3
sin
(
α
2
− 2πk
6
)
i e−iα/2(−1)k. (3.15)
4 Conclusions
In this paper we have introduced a class of renormalizable models based on the double
seesaw mechanism and on the soft breaking of flavour symmetries. In order to implement
the double seesaw mechanism, the models possess three right-handed singlet fields NjR, in
addition to the νjR needed for the usual seesaw mechanism. Moreover, the models have
an enlarged scalar sector compared to the Standard Model, namely four Higgs doublets
and three complex scalar singlets. We stress that this is a rather minor field content in
comparison to usual scenarios in model building with flavour symmetries, especially when
those scenarios are supersymmetric.
Our class of models has both spontaneous and soft symmetry breaking. Spontaneous
symmetry breaking occurs at two scales: at the scale mX through the VEVs of the scalar
gauge singlets and at the Fermi scale through the VEVs of the Higgs doublets. Soft flavour
symmetry breaking happens in the mass terms of the NjR at a scale msoft. If we assume
that msoft is much smaller than the Fermi scale, then the spontaneous symmetry breaking
proceeds nearly unperturbed by the soft symmetry breaking. Due to the double seesaw
mechanism, the mass scale mν of the light neutrinos is determined by
mν ∼ m
2
Y
m2X
msoft, (4.1)
where mY is at most of the order of the Fermi scale but might also be much smaller, since
the masses of the charged leptons are considerably smaller than the Fermi scale. Withmν ∼
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0.1 eV, eq. (4.1) permits an estimate of msoft/m
2
X , but no independent determination of
the soft-breaking scale and of the seesaw scale mX .
Our flavour symmetries are arranged in such a way that, in an appropriate weak basis,
the contribution to the lepton mixing matrix U from the charged-lepton sector is given by
Uω of eq. (1.3), whereas the neutrino sector contributes a matrix V constrained by either
one or two Z2 symmetries [10–22]. The matrix V is exclusively determined by the Majorana
mass matrixM of the NjR. Our class of models allows one to impose Z2 symmetries which
lead to virtually any of the forms of U that have been proposed in the literature [10–23].
This arbitrariness may be viewed as a weak point of our models, which on the other hand
have the advantage of being renormalizable and natural in a technical sense.
We have explicitly discussed a model for TM1. Then, by variation of the Z2 symmetry
of that model but keeping all its other flavour symmetries intact, we have shown that one
can also achieve either TM2 or a determination of the third column of U . The latter is
enforced through a Z2 symmetry depending on an angle α. By varying α, different values
of s213 are produced. In this way, we have explicitly reproduced the values of s
2
13 found
in ref. [23].
Finally, combination of TM2 and of the Z2 symmetry depending on α results in the
one-parameter mixing matrix of eq. (3.14), whose predictions we have discussed.12
A The flavour symmetry group of the TM1 model
We firstly recall the definition of the group series ∆(6n2), where n is an integer. The easiest
way to understand these groups is to conceive them as the subgroups of SU(3) generated by
r = E, s = −B, t = T ≡ diag (1, η, η∗) with η ≡ exp (2πi/n). (A.1)
The definition of ∆(6n2) in ref. [47, 48] uses a different set of generators a, b, c, and d
related to ours through r = a, b = r−1sr, c = rtr−1, and d = t.
Every group ∆(6n2) has 2(n− 1) three-dimensional inequivalent irreducible represen-
tations (irreps) 3(k±) (k = 1, . . . , n−1), which are given in an appropriate basis by [47, 48]
3(k±) : r → E, s→ ∓B, t→ diag
(
1, ηk, η−k
)
. (A.2)
The flavour symmetry group of our TM1 model is G = G
′ × Z4. The group G′ is the
one generated by three transformations g1,2,3. We know the following three representations
of those transformations (in the first five columns of table 1):
DL, ℓR, νR : g1 → E, g2 → A, g3 → B, (A.3a)
NR : g1 → E, g2 → A∗, g3 → D, (A.3b)
S : g1 → E, g2 → 1, g3 → D. (A.3c)
The Higgs doublet φ0 is invariant under G
′. We leave the three Higgs doublets φj for later
consideration.
12Recently [43–46], other one-parameter mixing matrices have been obtained from residual flavour and
CP symmetries.
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Let us define a particular transformation g ∈ G′ through g ≡ g1(g1g3)2g−11 . One readily
ascertains that
E (EB)2E−1 = 1, (A.4a)
E (ED)2E−1 = W ≡ diag (1,−1,−1) . (A.4b)
The unit matrix therefore represents g in the representation of DL, ℓR, and νR, while W
represents g in the representation of NR and in the representation of S. Let us now define
two further transformations g′2,3 ∈ G′ through g′2,3 ≡ g g2,3. Since
WD = B, (A.5a)
WA∗ = diag
(
1, e2πi/6, e−2πi/6
)
, (A.5b)
one concludes that the representations in eqs. (A.3) might as well be given through
DL, ℓR, νR : g1 → E, g′2 → diag
(
1, e2πi/3, e−2πi/3
)
, g′3 → B, (A.6a)
NR : g1 → E, g′2 → diag
(
1, e2πi/6, e−2πi/6
)
, g′3 → B, (A.6b)
S : g1 → E, g′2 → diag (1, −1, −1) , g′3 → B. (A.6c)
We conclude that G′ = ∆(216) with
DL, ℓR, νR : 3
(2−), (A.7a)
NR : 3
(1−), (A.7b)
S : 3(3−). (A.7c)
Actually, the argument for ∆(216), as developed above, boils down to the following.
The symmetries Z3 and Z2 together generate a group S4; this can be seen by considering
the action of Z3 and Z2 on NR and on S. However, there is also Z
′
3. This suggests that
G′ ∼=
(
Z
′
3 × Z′3
)
⋊ S4 ∼= (Z6 × Z6)⋊ S3 ∼= ∆
(
6× 62) = ∆(216), (A.8)
where we have used S4 ∼= (Z2 × Z2)⋊ S3 and Z6 ∼= Z′3 × Z2.
We lastly investigate the representation of φ. This multiplet obviously transforms
under G′ as 1⊕ 2, where 1 is invariant under G′ and the two-dimensional irrep is given by
2 : g1 →
(
1 0
0 1
)
, g2 →
(
ω 0
0 ω2
)
, g3 →
(
0 1
1 0
)
. (A.9)
Therefore g is represented in the 2 by the 2× 2 unit matrix and
2 : g1 →
(
1 0
0 1
)
, g′2 →
(
ω 0
0 ω2
)
, g′3 →
(
0 1
1 0
)
. (A.10)
This is one of the four two-dimensional universal irreps13 of ∆(6n2) which exist whenever
n is a multiple of 3 [47–49], as is the case for ∆(216).14
13By “universal” we mean that they do not depend on the precise value of n, provided n is divisible by 3.
14The present model shares some similarities with the model of ref. [50], which is also based on the flavour
group ∆(216).
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B The φj potential
The symmetries Z′3 and Z2 act on the Higgs doublets φj (j = 1, 2, 3) as if they constituted
a (reducible) triplet of a group S3. Therefore, the potential for those three doublets alone is
Vφ = µ1 φ
†
1φ1 + µ2
(
φ†2φ2 + φ
†
3φ3
)
+λ1
(
φ†1φ1
)2
+ λ2
[(
φ†2φ2
)2
+
(
φ†3φ3
)2]
+λ4 φ
†
1φ1
(
φ†2φ2 + φ
†
3φ3
)
+ λ5 φ
†
2φ2 φ
†
3φ3
+λ′4
(
φ†1φ2 φ
†
2φ1 + φ
†
1φ3 φ
†
3φ1
)
+ λ′5 φ
†
2φ3 φ
†
3φ2
+
[
λ6 φ
†
1φ2 φ
†
1φ3 + λ7
(
φ†1φ2 φ
†
3φ2 + φ
†
1φ3 φ
†
2φ3
)
+H.c.
]
. (B.1)
Let λ˜4 ≡ λ4 + λ′4 and λ˜5 ≡ λ5 + λ′5. Then, the VEV of the potential is
V0 ≡ 〈0 |Vφ| 0〉 = µ1 |v1|2 + µ2
(
|v2|2 + |v3|2
)
+ λ1 |v1|4 + λ2
(
|v2|4 + |v3|4
)
+λ˜4 |v1|2
(
|v2|2 + |v3|2
)
+ λ˜5 |v2v3|2
+2ℜ
[
λ6v
∗
1
2v2v3 + λ7v
∗
1
(
v22v
∗
3 + v
2
3v
∗
2
)]
. (B.2)
It is hard to proceed analytically in the general case. We shall for the sake of simplification
assume λ6 = 0, even though there is no symmetry that supports that assumption. When
λ6 = 0 the two relative phases among v1, v2, and v3 adjust so that λ7v
∗
1v
2
2v
∗
3 and λ7v
∗
1v
2
3v
∗
2
are both real and negative. One may then write
V˜0 = µ˜2
(
|v2|2 + |v3|2
)
+ λ2
(
|v2|4 + |v3|4
)
+ λ˜5 |v2v3|2 −
∣∣∣λ˜7∣∣∣ (∣∣v22v3∣∣+ ∣∣v23v2∣∣) , (B.3)
where V˜0 ≡ V0 − µ1 |v1|2 − λ1 |v1|4, µ˜2 ≡ µ2 + λ4 |v1|2, and λ˜7 ≡ 2λ7v1. The equations for
vacuum stability are
∂V˜0
∂ |v2| = 0 = 2µ˜2 |v2|+ 4λ2 |v2|
3 + 2λ˜5
∣∣v2v23∣∣− 2 ∣∣∣λ˜7v2v3∣∣∣− ∣∣∣λ˜7v23∣∣∣ , (B.4a)
∂V˜0
∂ |v3| = 0 = 2µ˜2 |v3|+ 4λ2 |v3|
3 + 2λ˜5
∣∣v22v3∣∣− 2 ∣∣∣λ˜7v2v3∣∣∣− ∣∣∣λ˜7v22∣∣∣ . (B.4b)
Subtracting the two eqs. (B.4) from each other, we find that a solution with |v2| 6= |v3|
may exist provided
2µ˜2 = −4λ2
(
|v2|2 + |v2v3|+ |v3|2
)
+ 2λ˜5 |v2v3| −
∣∣∣λ˜7∣∣∣ (|v2|+ |v3|) , (B.5a)
0 =
(
2λ˜5 − 4λ2
) (∣∣v22v3∣∣+ ∣∣v2v23∣∣)− ∣∣∣λ˜7∣∣∣ (|v2|2 + |v3|2 + 3 |v2v3|) . (B.5b)
A solution to eqs. (B.5) with |v2| and |v3| both positive should exist for appropriate values
of the parameters. Notice the crucial role played by λ7 in the existence of that solution —
if λ7 vanished then λ˜5 would have to be equal to 2λ2 in order for eq. (B.5b) to be satisfied;
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but λ˜5 = 2λ2 is not stable under renormalization because it is not supported by any extra
symmetry of the potential.
The stability point of V˜0 with v2 6= v3 will actually be a local minimum provided
the matrix of the second derivatives of V˜0 relative to |v2| and |v3|, computed under the
conditions of eqs. (B5), is positive definite. This means, apart from requiring positivity of
the determinant of that matrix, we have to ensure that
4λ2
(
2 |v2|2 − |v2v3| − |v3|2
)
+ 2λ˜5
(
|v3|2 + |v2v3|
)
−
∣∣∣λ˜7∣∣∣ (|v2|+ 3 |v3|) > 0, (B.6a)
4λ2
(
2 |v3|2 − |v2v3| − |v2|2
)
+ 2λ˜5
(
|v2|2 + |v2v3|
)
−
∣∣∣λ˜7∣∣∣ (|v3|+ 3 |v2|) > 0. (B.6b)
We have moreover to ensure that this local minimum attains a lower value for V˜0 than the
solution to eqs. (B.4) with |v2| = |v3|. In a more thorough study, we would also have to
look for possible minima of V˜0 which break the electric-charge invariance.
C The Sj potential
The potential for the complex gauge singlets Sj (j = 1, 2, 3) must be invariant under the
symmetries Z3, Z2, and Z4, i.e. under S1 → S2 → S3 → S1, under S2 ↔ −S3, and under
Sj → iSj , ∀j. Therefore,
VS = µ¯
3∑
j=1
|Sj |2 + λ¯1

 3∑
j=1
|Sj |2


2
+ λ¯2
(
|S1S2|2 + |S1S3|2 + |S2S3|2
)
+

λ¯3

 3∑
j=1
S2j


2
+ λ¯4
[
(S1S2)
2 + (S1S3)
2 + (S2S3)
2
]
+H.c.


+λ¯5
[
(S∗1S2)
2 + (S∗2S3)
2 + (S∗3S1)
2 +H.c.
]
, (C.1)
with complex λ¯3 and λ¯4 but real λ¯5. The equations for vacuum stability are
0 = µ¯s∗1 + 2λ¯1 |s1|2 s∗1 +
(
2λ¯1 + λ¯2
) (|s2|2 + |s3|2) s∗1
+4λ¯3s
3
1 +
(
4λ¯3 + 2λ¯4
) (
s22 + s
2
3
)
s1 + 2λ¯5
(
s∗2
2 + s∗3
2
)
s1, (C.2a)
0 = µ¯s∗2 + 2λ¯1 |s2|2 s∗2 +
(
2λ¯1 + λ¯2
) (|s1|2 + |s3|2) s∗2
+4λ¯3s
3
2 +
(
4λ¯3 + 2λ¯4
) (
s21 + s
2
3
)
s2 + 2λ¯5
(
s∗1
2 + s∗3
2
)
s2, (C.2b)
0 = µ¯s∗3 + 2λ¯1 |s3|2 s∗3 +
(
2λ¯1 + λ¯2
) (|s1|2 + |s2|2) s∗3
+4λ¯3s
3
3 +
(
4λ¯3 + 2λ¯4
) (
s21 + s
2
2
)
s3 + 2λ¯5
(
s∗1
2 + s∗2
2
)
s3. (C.2c)
The potential VS has several accidental symmetries, like for instance under S1 → −S1
and under S1 ↔ S2. Correspondingly, solutions to eqs. (C.2) may exist with varying
features, like s1 = 0, s1 = s2 6= 0, or s1 = s2 = 0. In principle, a solution to eqs. (C.2) with
the three sj all nonzero and distinct may also exist.
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In this paper we assume that the parameters of the potential are such that the solution
to eqs. (C.2) featuring s1 = s2 = s3 ≡ s, with
0 = µ¯s∗ +
(
6λ¯1 + 2λ¯2 + 4λ¯5
) |s|2 s∗ + (12λ¯3 + 4λ¯4) s3, (C.3)
is the actual global minimum of the potential. A proof that this can actually be achieved
is beyond the scope of this paper.
Notice that µ¯ is supposed to be at the high (seesaw) scale mX , and then the solution
s to eq. (C.3) will be at that scale too — provided the coefficients λ¯k (k = 1, . . . , 5) are of
order one.
Finding the minimum of the potential (C.1) is a very difficult problem. However, in
the special case where λ¯3 and λ¯4 are real and where λ¯2, λ¯3, λ¯4, and λ¯5 are all negative,
one can actually prove that s1 = s2 = s3 for an adequate range of the parameters of the
potential.15 Indeed, in that case the minimum of VS with respect to the phases of the
VEVs will be achieved when all three sj are real. One may then write
s1 = U cosϑ, s2 = U sinϑ cosϕ, s3 = U sinϑ sinϕ, (C.4)
with U ≥ 0, 0 ≤ ϑ ≤ π, and 0 ≤ ϕ ≤ 2π. Then,
VS = µ¯U
2 +
(
λ¯1 + λ¯3
)
U4 +
(
λ¯2 + λ¯4 + 2λ¯5
)
U4
(
cos2 ϑ sin2 ϑ+
sin4 ϑ sin2 2ϕ
4
)
. (C.5)
If λ¯2 + λ¯4 + 2λ¯5 < 0, then the minimum will be attained for the values of ϑ and ϕ that
maximize cos2 ϑ sin2 ϑ +
(
sin4 ϑ sin2 2ϕ
)/
4. Assuming sj > 0 for j = 1, 2, 3, these values
are ϕ = π/4, ϑ = arccos 1
/√
3, corresponding to s1 = s2 = s3.
The coefficients λ¯3 and λ¯4 could be real because of an additional CP symmetry. That
CP symmetry would necessarily be broken at low scale through the VEVs vj , which must
have different phases so that the charged-lepton masses are non-degenerate.
In eq. (C.1), the terms with coefficients λ¯3, λ¯4, and λ¯5 are sensitive to the phases of
the VEVs sj and they prevent the emergence of any Goldstone bosons upon spontaneous
symmetry breaking.
However, one can also take up the opposite stance and consider the case λ¯3 = λ¯4 = 0,
which is a special case of real coefficients λ¯3 and λ¯4. This may be enforced by a lepton-
number (L) symmetry under which DL, ℓR, νR, and S all carry L = 1. This lepton-number
symmetry would be broken when the Sj acquire VEVs and this breaking would lead to
a Goldstone boson. However, that boson only couples to the right-handed neutrinos —
through the term in eq. (2.3d) — and is, in practice, undetectable and harmless [51].
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